Abstract. It is shown that for large classes of posets P and Q, the defining ideal J P,Q of an isotonian algebras is generated by squarefree binomials. Within these classes, those posets are classified for which J P,Q is quadratically generated.
Introduction
In [1] , isotonian algebras were introduced as a generalization of Hibi rings. Given two finite posets P and Q, the algebra K[P, Q] is generated by monomials
where ϕ : P → Q is an isotone (order preserving) map. We denote the defining ideal of K[P, Q] by J P,Q . Since K[P, Q] is a toric ring, the ideal J P,Q is generated by binomials.
Isotone maps first appeared in Commutative Algebra in the study of the ideals I(P, Q) which are generated by all the monomials u ϕ , see [2] . The structure of these ideals has been further studied in subsequent papers [8] , [5] , [9] , [10] , [11] .
In the case that Q is a chain of length 2, the algebra K[P, Q] coincides with the so-called and well studied Hibi ring, see [6] , [4] , [7] , [3] . It is known that the defining ideals of Hibi rings admit quadratic Gröbner basis and they are normal Cohen-Macaulay domains. In the above mentioned paper [1] , it is also shown that J P,Q admits a quadratic Gröbner basis if P is a chain and Q is a co-rooted poset. However, easy examples show that isotonian algebras need not to admit quadratic Gröbner bases. On the other hand, it is conjectured that the ideal J P,Q has a squarefree initial ideal for a suitable term order.
We call f = u − v squarefree, if u and v are squarefree monomials. In support of the above conjecture we prove in Theorem 3.3, that J P,Q is generated by squarefree binomials in the case that each connected component of P is rooted or co-rooted, and that J P,Q is generated by quadratic binomials if and only if every poset cycle of length ≥ 6 in Q admits a chord.
Reduction to the case that P is connected
Let P be a finite poset. We say that P is connected if its Hasse diagram is connected as a graph. Given two posets P 1 and P 2 , the sum P 1 + P 2 is defined to be the disjoint union of the elements of P 1 and P 2 with p ≤ q if and ony if p, q ∈ P 1 2010 Mathematics Subject Classification. 05E45, 05E40, 13C99. This paper was partially written during the stay of the second author at The Abdus Salam International Centre of Theoretical Physics (ICTP), Trieste, Italy.
or p, q ∈ P 2 and p ≤ q in the corresponding posets P 1 or P 2 . Then its is clear that P can be written as P = P 1 + P 2 + · · · + P r where each P i is connected. The P i are called the connected components of P .
Let P, P 1 , P 2 , . . . , P r and Q, Q 1 , Q 2 , . . . , Q s be finite posets. Then it is shown in [1, Lemma 1.3] 
is the Segre product of R 1 and R 2 .
We denote by Hom(P, Q) the set of isotone maps from P → Q, and let T = K[t ϕ : ϕ ∈ Hom(P, Q)] be the polynomial ring in the variables t ϕ , and let ϕ : T → K[P, Q] be the K-algebra homomorphism defined by t ϕ → p∈P x pϕ(p) . We denote the kernel of ϕ by I P,Q . Theorem 1.1. Let P and Q be two finite posets and let P 1 , P 2 , . . . , P r be the connected components of P . Then I P,Q is generated by squarefree, respectively quadratic binomials, if each I P i ,Q is generated by squarefree, respectively quadratic binomials.
Proof. By using induction on r it suffices to prove the following fact: 
and we have to show that
x kt ∈ I 1 , our assumption implies that w can be written as linear combination of squarefree, respectively quadratic binomials w q . Then w = q u q w q where u q is a monomial in T 1 , and w q ∈ I 1 is squarefree, respectively quadratic. Let g = d t=1 y jt , and for each q write g = g 1,q g 2,q , where g 2,q is the product of deg w q many factors of g and g 1,q is the product of the remaining factors. Then w = q u q w q yields the equation
Let us first assume that all w q are squarefree binomials. Then for each q, we have (1) implies that h 1 is a linear combination of squarefree binomials of the form
The similar statement holds for h 2 . This shows that h is a linear combination of squarefree binomials. Similarly, if we assume all w q are quadratic binomials, we deduce in the same way that h is a linear combination of quadratic binomials.
Special binomials
In this section we study the relations of K[P, Q] in the case that P is rooted. Analogous arguments hold when P is co-rooted.
To define special binomial relations, we first prove the following lemma in which a new isotone map is constructed from a given one by suitable modifications. Lemma 2.1. Let P and Q be two posets and assume that P is rooted. Let ϕ ∈ Hom(P, Q) and let ψ : P → Q be a map satisfying the following condition: there
Then ψ ∈ Hom(P, Q).
p, then by using (i) and (ii), we are done. The only non trivial case is when p 1 ≥ p and p 2 p. Since p 1 ≥ p, p 2 and P is rooted it follows that p and p 2 are comparable. Since p 2 p, we must have p 2 < p. In particular, p admits a lower neighbor q. Then by using (i), (ii) and (iii) we get
Now we are ready to define special relations. Let ϕ 1 , . . . , ϕ d ∈ Hom(P, Q), p ∈ P and π be a permutation on the set {1, . . . , d}. In the case that p admits a lower neighbor p ′ ∈ P then we require that π satisfies ϕ π(i) (p) ≥ ϕ i (p ′ ) for all i. Then, by Lemma 2.1, the following maps
. Then f ∈ J P,Q , and
is called special of type (p, π) with respect to ϕ 1 , . . . , ϕ d ∈ Hom(P, Q). Note that f is also special of type (p, π −1 ) with respect to ψ 1 , . . . , ψ d . Now we are ready to prove the following Theorem 2.2. Let P be a rooted or co-rooted poset. Then for any Q, the ideal J P,Q is generated by special binomials.
Proof. Let P be a rooted poset and p 0 be the minimal element of P . Also let
After relabelling of ψ i , we may assume that ϕ i (p 0 ) = ψ i (p 0 ) for all i. Let I ⊂ P be the largest poset ideal with the property that ϕ i (p) = ψ i (p) for all p ∈ I. Since f = 0, it implies that I = P .
Let p ′ ∈ P \ I such that I ′ = I ∪ {p ′ } is again the poset ideal in P . Note that if p ′ has a lower neighbor then it belongs to I. We will show that f = g + h where g is a special binomial and
Since |I ′ | > |I|, the desired conclusion follows by induction. Since 
∈ J P,Q is a special where,
otherwise.
Since f, g ∈ J P,Q , it implies that h ∈ J P,Q . Moreover, h satisfies (3). This proves the theorem.
Squarefree binomials
In this section we will prove that J P,Q is generated by squarefree binomials if each connected component of P is rooted or co-rooted poset. In general, without any restriction on P and Q, we have Remark 3.1. Let P and Q be two posets. Then all quadratic binomials in J P,Q are squarefree. Indeed, assume that f = t
This implies that ψ 1 = ψ 2 = ϕ 1 and hence f = 0. This implies that any non-trivial quadratic binomial in J P,Q is squarefree.
We first prove the following 
is a special binomial of type (p, π i ). From this presentation of f , it can be shown by induction on l that f can be written as a linear combination of the f i . Now we prove the main theorem. Theorem 3.3. Let P be a poset whose connected components are rooted or co-rooted posets. Then for any Q, the ideal J P,Q is generated by squarefree special binomials.
Proof. By using Theorem 1.1, we may assume that P is connected. Furthermore, we may also assume that P is rooted. We will show by induction on degree of f that f is a linear combination of squarefree binomials in J P,Q .
Let 
Quadratic binomials
Here we will prove that J P,Q is generated by quadratic squarefree binomials if each connected components of P is rooted or co-rooted and Q does not contain any proper poset cycle of length ≥ 6.
Let Q be a poset. A sequence q 1 , q 2 , . . . , q 2m of elements in Q is called a poset cycle of length 2m if
We say that a poset cycle of length ≥ 6 has a chord if there exist odd i and even j with j = i − 1, i + 1 such that q i ≤ q j . (Here 0 is identified with 2m).
A poset cycle is called proper if all elements q i in the cycle are pairwise distinct and the element with even indexes are pairwise incomparable as well as elements with odd indexes. Proof. By Theorem 1.1, we may assume that P is connected. Then in case (a), the poset P is just a single element and K[P, Q] is a polynomial ring.
(b) Since P is connected, we may assume that P is rooted. 
and
and for i = 2, . . . , m − 1
is a special binomial of degree m and type (p, π) for some p ∈ P with p = p 1 . After relabeling of indexes, we may assume that π = (1 m m − 1 . . . 2) and . Then, since by our assumption J P,Q is generated by quadratic binomials, there exists a nonzero quadratic binomial g = g
In particular C has a chord. (iii) ⇒ (i): Let f ∈ J P,Q and f = 0. Then by Theorem 2.2, we may assume that By Lemma 4.1 and (iii), we know that C admits a chord. We may assume that the chord is given by the relation q 1 ≤ q 2i with i = m.
Let Since f, g ∈ J P,Q and J P,Q is a prime ideal, it follows that h ∈ J P,Q . Note that deg g, deg h < deg f . Then by induction, we know that g and h can be written as linear combination of quadratic binomials, which completes the argument.
